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1. Introduction
The subgroup structure of a ﬁnite group G can be quite complex. However, in the presence of
a group R of automorphisms of G and provided we consider only certain subgroups related to R ,
the situation appears much simpler. The purpose of this article is to provide concrete results in this
direction, extending the author’s earlier work [2]. These results will be applied to give a new proof of
the Solvable Signalizer Functor Theorem [3].
For a detailed discussion of the results to be proved, we make the following deﬁnitions. Through-
out, group will mean ﬁnite group.
Deﬁnition. Let M be a group and p a prime. Then M has characteristic p if CM(O p(M)) O p(M).
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objects:
Deﬁnition. Let G be a group. A weak primitive pair for G is a pair (M1,M2) of distinct nontrivial
subgroups that satisfy:
• whenever {i, j} = {1,2} and 1 = K charMi with K  M1 ∩ M2 then NM j (K ) = M1 ∩ M2.
If p is a prime then the weak primitive pair has characteristic p if in addition:
• for each i, Mi has characteristic p and O p(Mi) M1 ∩ M2.
Remarks.
• In [6, p. 262] the notion of a primitive pair is deﬁned. It is the same as weak primitive pair except
that the condition “K charMi” is replaced by “K  Mi”.
• If M1 and M2 are distinct maximal subgroups of the simple group G then (M1,M2) is a weak
primitive pair.
• Weak primitive pairs of characteristic p arise in the conclusion of Bender’s Maximal Subgroup
Theorem [6, p. 264].
For a speciﬁc example, let p be a prime, G = SL3(p) and consider the subgroups of G deﬁned by
M1 =
{(∗ ∗ ∗
∗ ∗ ∗
0 0 ∗
)}
and M2 =
{(∗ ∗ ∗
0 ∗ ∗
0 ∗ ∗
)}
.
Set G = G/Z(G). Then (M1,M2) is a primitive pair of characteristic p for G . Indeed, in any ﬁnite
simple group of Lie type over a ﬁeld of characteristic p and Lie rank at least two there is a primi-
tive pair of characteristic p. But not for groups of Lie rank one. The existence of a primitive pair of
characteristic p is an indication of complexity of subgroup structure.
In order to analyze primitive pairs we use some ideas of Meierfrankenfeld and Stellmacher [7,8].
Deﬁnition. (See [8].) Let G be a group, p a prime, V a faithful GF(p)G-module and A  G an elemen-
tary abelian p-group. Then:
• A is quadratic on V if [V , A, A] = 0.
• A is cubic on V if [V , A, A, A] = 0.
• A is nearly quadratic on V if A is cubic on V and
[V , A] [v, A] + CV (A)
for all v ∈ V − ([V , A] + CV (A)).
• A is a 2F -offender for G on V if A = 1 and
∣∣V /CV (A)∣∣ ∣∣A/A ∩ O p(G)∣∣2.
We remark that if A is quadratic then it is nearly quadratic. Moreover, if A is a 2F -offender for G
on V then A  O p(G).
The following result and its proof are a presentation of work by Meierfrankenfeld and Stellmacher.
The sources are [7,8] and [6, 10.1.11, p. 272].
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M1 and M2 are p-solvable. Then there exists i ∈ {1,2}, an elementary abelian p-subgroup V charMi and
A  O p(M1)O p(M2) such that, with M∗i = Mi/CMi (V ), A∗ is a nearly quadratic 2F -offender for M∗i on V .
Next we bring in a group of automorphisms.
Deﬁnition. Let R and G be groups. Then R acts coprimely on G if we are given a homomorphism
θ : R −→ Aut(G); the orders of R and G are coprime; and at least one of R or G is solvable.
Recall that for a prime p, O p(G) is the intersection of all the Sylow p-subgroups of G . By analogy:
Deﬁnition. Suppose R acts coprimely on the group G and that p is a prime. Then
O p(G; R)
is the intersection of all the R-invariant Sylow p-subgroups of G .
We remark that there do exist R-invariant Sylow p-subgroups of G and that CG(R) acts transitively
on them by conjugation. Consequently, O p(G; R) is the unique maximal RCG (R)-invariant p-subgroup
of G .
Whilst O p(G; R) may not be normal in G , it does in some respects behave like O p(G), as the
following result demonstrates. It is convenient to embed R and G in their semidirect product RG.
Theorem B. Suppose that R acts coprimely on the group G, that p is a prime and that V is a faithful GF(p)RG-
module. Assume that G is p-solvable. Then O p(G; R) does not contain any nearly quadratic 2F -offenders for
G on V .
Combining Theorems A and B, we obtain the main results of this paper.
Corollary C. Let G be a group. The following conﬁguration is impossible:
• (M1,M2) is a weak primitive pair of characteristic p for G,
• M1 and M2 are p-solvable and
• for each i there is a group Ri that acts coprimely on Mi and O p(M1)O p(M2) O p(Mi; Ri).
Corollary D. Suppose R acts coprimely on the group G. Then there does not exist a weak primitive pair
(M1,M2) of R-invariant subgroups with the properties:
• (M1,M2) has characteristic p for some prime p,
• M1 and M2 are p-solvable and
• CG(R) M1 ∩ M2 .
Corollary E. Suppose that R acts coprimely on the simple group G and that p is a prime. Assume M has the
properties:
• M is a maximal R-invariant subgroup of G.
• M has characteristic p.
• M is p-solvable.
• CG(R) M.
Then O p(G; R) M and NG(O p(G; R)) M. Moreover, M is the unique subgroup of G with the above prop-
erties.
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by “p > 3”. Indeed, in this case, the corollaries follow from Glauberman’s K -Theorem [5], [9, Theo-
rem 5.6, p. 231] and a result on modules [2, Theorem B]. Unfortunately the K -Theorem provides no
information when p = 2 and the module results break down when p  3. The latter partly because
SL2(2) and SL2(3) are solvable. Thus, in attempting to remove the assumption “p > 3” from the re-
sults in [2], a good place to start is a “p-solvable” assumption. This, and the immediate applications
[3] were the motivation for this paper.
The results of this paper are related to Glauberman’s Failure of Factorization Theorem [4], which
in outline has the form:
Suppose M is a p-solvable group of characteristic p and S ∈ Sylp(M). Then:
(A1) M = CM(Ω1(Z(S)))NM( J (S)), or
(A2) a detailed structure statement involving quadratic F -modules.
Glauberman’s Theorem is used to analyze simple groups in which M is a local subgroup. Theorem A
can be restated in the form:
Suppose G is a simple group. Then:
(B1) a nonexistence statement about certain types of primitive pairs, or
(B2) a structure statement involving nearly quadratic 2F -modules.
Comparing these results, (B1) is more powerful than (A1) whilst (B2) is weaker than (A2). However it
is still possible, in certain circumstances, to eliminate (B2), as we do in Theorem B.
2. Preliminaries
The following is well known, see for example [6] or [1].
Coprime Action. Suppose R acts coprimely on the group G. Then the following hold:
(a) Suppose G is a p-group and that R acts trivially on each factor of the R-invariant series:
1 = G0 G1 · · · Gn = G.
Then R induces a p-group on G.
(b) If R is elementary abelian then
G = 〈CG(x) ∣∣ 1 = x ∈ R〉 and
[G, R] = 〈[CG(B), R] ∣∣ B a hyperplane of R〉.
(c) G = [G, R]CG (R) and [G, R] = [G, R, R].
(d) If G is abelian then G = [G, R] × CG(R).
(e) If R acts trivially on K  G and CG(K ) K then R acts trivially on G.
(f) Let K be an R-invariant normal subgroup of G and set G = G/K . Then CG(R) = CG(R). In particular, for
any prime p, O p(G; R) ⊆ O p(G; R).
The following is much the same as Coprime Action (a).
Lemma 2.1. Suppose V is a faithful module for the group G over a ﬁeld of characteristic p. Then:
(a) If G is irreducible on V then O p(G) = 1.
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O p(G) =
n⋂
i=1
CG(Ui).
P × Q -Lemma. (Thompson, see [6, 8.2.8, p. 187].) Suppose the group P × Q acts on the p-group V with P a
p-group and Q a p′-group. If Q acts trivially on CV (P ) then Q acts trivially on V .
We recall some elementary results and deﬁnitions. Suppose that G is a group and p a prime.
• G is p-solvable if each of its composition factors is Zp or a p′-group.
• O p′ (G) is the largest normal p′-subgroup of G .
• If G is p-solvable and O p(G) = 1 then CG(O p′ (G)) O p′ (G).
• If G is p-solvable and O p′(G) = 1 then G has characteristic p.
• If G has characteristic p and O p(G) H  G then H has characteristic p.
Lemma 2.2. (See [6, 9.2.7, p. 235].) Let p be a prime and G a group of characteristic p. Let
V = 〈Ω1(Z(S)) ∣∣ S ∈ Sylp(G)〉.
Then V Ω1(Z(O p(G))), V is an elementary abelian normal p-subgroup of G and
O p
(
G/CG(V )
)= 1.
Deﬁnition. Suppose p is a prime and S is a p-group. Then
A(S)
is the set of elementary abelian p-subgroups of S with maximal order. The Thompson subgroup of S is
deﬁned by
J (S) = 〈A(S)〉.
Lemma 2.3. Suppose p is a prime and S is a p-group. Then:
(a) J (S) is a characteristic subgroup of S.
(b) If J (S) T  S then J (S) = J (T ).
(c) If T  S and T contains an element of A(S) then A(T ) ⊆ A(S) and J (T ) ⊆ J (S).
The following is proved in [6, 9.2.10] as a consequence of the Timmesfeld Replacement Theorem.
It is also a consequence of the more elementary Thompson Replacement Theorem.
Theorem 2.4. Suppose p is a prime and S is a p-group. Let V be an elementary abelian normal p-group of S
and suppose that J (S) acts nontrivially on V . Then there exists A ∈ A(S) such that A acts nontrivially and
quadratically on V .
Deﬁnition. (See [6, p. 271].) Let p be a prime and X a p-group that acts on the elementary abelian
p-group Z . Then
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q(Z , X) = min{e ∈ R ∣∣ ∣∣A/CA(Z)∣∣e = ∣∣Z/CZ (A)∣∣, A ∈ Q(Z , X)}.
Lemma 2.5. (Stellmacher, see [6, 10.1.10, p. 271].) Let p be a prime, M a group and V an elementary abelian
normal p-subgroup of M. Suppose Z  V satisﬁes
V = 〈ZM 〉 and Z  O p(M).
Suppose also that there exists A  O p(M) with [V , A, A] = 1. Then
∣∣A/CA(V )∣∣q  ∣∣V /CV (A)∣∣
where q = q(Z , O p(M)).
Recall that if p is a prime, A ∼= Zp and V is a GF(p)A-module then
A induces a transvection on V
if |V /CV (A)| = p. Since A is cyclic we have [V , A] ∼= V /CV (A) so this is equivalent to dim[V , A] = 1.
The following is a special case of [1, (32.3), p. 164].
Lemma 2.6. Suppose p is a prime, G = T A is a group with T = [T , A] = 1 a p′-group and A ∼= Zp . Let
V be a faithful GF(p)G-module and suppose that A induces a transvection on V . Then p  3; G ∼= SL2(p);
dim[V , T ] = 2; G induces SL2(p) on [V ,G]; T is irreducible on [V ,G] = [V , T ] and
T ∼=
{
Z3 if p = 2,
Q 8 if p = 3.
Lemma 2.7. (See [8].) Let p be a prime, A an elementary abelian p-group and V a nearly quadratic GF(p)A-
module.
(a) If W is an A-submodule of V then A is nearly quadratic on W and V /W .
(b) Suppose that A is not quadratic on V and that X and Y are A-submodules with
V = X ⊕ Y .
Then A is trivial on X or Y .
Proof. (a) For the reader.
(b) Suppose that A is nontrivial on X and Y . Now
[V , A] + CV (A) =
([X, A] + CX (A))⊕ ([Y , A] + CY (A)).
If X [V , A]+ CV (A) then X =[X, A]+ CX (A) so [X, A]= [X, A, A] and then [X, A]= [X, A, A, A]=0,
a contradiction. Hence we may choose x ∈ X − ([V , A] + CV (A)). We have
[V , A] [x, A] + CV (A) X + CV (A)
whence [Y , A, A] [X, A]∩ Y = 0. Similarly [X, A, A] = 0, so A is quadratic on V , a contradiction. 
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Lemma 2.8. Suppose that RP acts coprimely on the group Q , with P  RP. Suppose that P acts nontrivially
on Q but trivially on every proper RP-invariant subgroup of Q . Then Q is an elementary abelian or special
q-group for some prime q and Q = [Q , P ].
Proof. Note that [Q , P ] is RP-invariant because P  RP. Then Coprime Action implies Q = [Q , P ]. By
[6, 8.2.3, p. 185], for each prime q, Q possesses an RP-invariant Sylow q-subgroup. It follows that Q
is a q-group for some q. If Q is abelian then by [1, 24.3, p. 113], P is nontrivial on Ω1(Q ) so Q is
elementary abelian. If Q is nonabelian then P acts trivially on every characteristic abelian subgroup
of Q so [1, 24.7, p. 114] implies that Q is special. 
Lemma 2.9. (See [1, 23.10, p. 109 and 34.9, p. 180].) Let Q be an extraspecial q-group. Then:
(a) |Q | = q1+2t for some t.
(b) If R acts coprimely on Q and centralizes Q ′ then R/CR(Q ) is isomorphic to a subgroup of Sp2t(q).
(c) If V is a faithful irreducible Q -module then qt | dim V .
We use the notation
G = X ∗ Y
to indicate that G = XY and [X, Y ] = 1.
Lemma 2.10. Suppose that A acts coprimely on the group Q and that [Q ′, A] = 1. Then:
(a) Q = [Q , A] ∗ CQ (A).
(b) If Q is a special q-group and [Q , A] = 1 then [Q , A] is nonabelian.
(c) If B  A then [CQ (B), A] Q .
Proof. (a) Set T = [Q , A]. By Coprime Action (c), Q = T CQ (A). Observe that [T ,CQ (A), A] 
[Q ′, A] = 1. Also [CQ (A), A, T ] = 1 so the Three Subgroups Lemma implies [A, T ,CQ (A)] = 1. By
Coprime Action (c), T = [T , A] = [A, T ] and we are done.
(b) If [Q , A] is abelian then by (a), [Q , A] Z(Q ) = Q ′ so [Q , A] = [Q , A, A] [Q ′, A] = 1, a con-
tradiction.
(c) We have Q = [Q , B] ∗ CQ (B). Now [Q , B] and CQ (B) are A-invariant because B  A. Hence
[Q , A] = [Q , B, A] ∗ [CQ (B), A].
Also Q = [Q , A] ∗ CQ (A) whence [CQ (B), A] Q . 
3. Theorem A
As pointed out in the introduction, this section is a presentation of work of Meierfrankenfeld and
Stellmacher. In case of possible future applications, slightly more is proved than is needed.
Lemma 3.1. Let G be a group, p a prime and V an elementary abelian p-subgroup of G. Suppose that:
• G has characteristic p.
• O p(G) normalizes V but V  O p(G).
• V is contained in a unique maximal subgroup M of G and V  O p(M).
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(a) Ux acts nontrivially and nearly quadratically on V .
(b) |V /U | |Ux/CUx (V )|.
(c) |V /CV (Ux)| |Ux/CUx (V )|2 with equality forcing equality in (b).
(d) If U x acts quadratically on V then |V /CV (Ux)| |Ux/CUx (V )|.
Proof. Note that U  O p(G). Put
W = UUx and W0 = U ∩ Ux.
Step 1. G = 〈V , V x〉, [V ,Ux] U , W  G and W0 = V ∩ Z(G).
Proof. Suppose G = 〈V , V x〉. Then 〈V , V x〉 M so V  Mx−1 and then Mx−1 = M . As x /∈ M we obtain
M  G and hence V  O p(M) O p(G), a contradiction. Thus G = 〈V , V x〉.
Since O p(G) normalizes V we have
[W , V ] [O p(G), V ] O p(G) ∩ V = U W .
Thus V normalizes W and [V ,Ux] U . Similarly V x normalizes W and so W  〈V , V x〉 = G . Since
V is abelian we have W0  V ∩ Z(G) = U ∩ Ux = W0 so W0 = V ∩ Z(G). 
Put G = G/W0. Now [U ,Ux] U ∩ Ux = W0 so W is elementary abelian. Then
W = U ⊕ Ux
and we regard W as a GF(p)G-module.
Step 2. Let v ∈ V − U . Then the following hold:
(a) CW (v) = U .
(b) U = [v,Ux]W0.
Proof. Since V  O p(M) we have V ∩ MG  O p(G). Hence there exists y ∈ G with v /∈ My . Since My
is the unique maximal subgroup containing V y we have
G = 〈v, V y 〉= 〈V , V y 〉.
We apply Step 1 with y in place of x. Then UU y  G . Hence W = UUx  UU y . As W  G we have
U y W so W = UU y . Also U ∩ U y  Z(G) ∩ V = W0. Thus
W = U ⊕ U y .
Since V is abelian we have CW (v) = U ⊕ CU y (v). Now V y is abelian and G = 〈v, V y〉 so CU y (v) G .
Then CU y (v) U y ∩ U = 0. This proves (a).
By Step 1, [v,Ux] U . Now W = U ⊕ Ux so (a) implies CUx (v) = 0. Then |Ux| = |[v,Ux]| |U | =
|Ux|, which forces [v,Ux] = U , and (b) follows. 
Proof of (a). Let K = CG (O p(G)/O p(G)∩ Z(G)) G . Coprime Action (a) implies K induces a p-group
on O p(G). Now G has characteristic p so it follows that K is a p-group and so K  O p(G).
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whence V  K  O p(G), contrary to V  O p(G). We deduce that [V ,Ux] = 1.
By Step 1, [V ,Ux] U . Also [U ,Ux,Ux] [U ∩ Ux,U ] = 1 so the action of Ux on V is cubic.
Step 2(b) implies
U = [V ,Ux]W0  [V ,Ux]CV (Ux).
Let v ∈ V − [V ,Ux]CV (Ux). Then v /∈ U so Step 2(b) yields U = [v,Ux]W0. Then
[
V ,Ux
]
 U = [v,Ux]W0  [v,Ux]CV (Ux)
and we deduce that Ux is nearly quadratic on V . 
Proof of (b). Recall that W = U ⊕ Ux . We consider the V -conjugates of Ux . Note that Ux O p(G) so
U normalizes every conjugate of Ux . Let v ∈ V − U . Suppose w ∈ Ux ∩ Uxv . By Step 2, [Ux, V ]  U
so [w, v] ∈ U ∩ Ux = 0. Step 2(a) forces w = 0. Thus Ux ∩ Uxv = 0. Also, U = U v so U ∩ Uxv = 0. It
follows that
|W | − 1 (|U | − 1)+ |V /U |(∣∣Ux∣∣− 1)
so as |W | = |U |2 we obtain |U |  |V /U |. In particular, |V /U |  |Ux/W0|. Now W0  Z(G) ∩ Ux 
CUx (V )W0, the last inclusion following from Step 2(a) and U ∩ Ux = 0. Then W0 = CUx (V ), which
completes the proof of (b). 
Proof of (c). From (b) we have |V /U | |Ux/CUx (V )| and so
∣∣V /CV (Ux)∣∣ ∣∣Ux/CUx(V )∣∣|U |/∣∣CV (Ux)∣∣.
In (b) we showed that W0 = CUx (V ). Then CUx (V ) = W0  CV (Ux) so (c) follows. 
Proof of (d). Suppose that Ux acts quadratically on V . Then [V ,Ux] CV (Ux). Step 2(b) implies U =
[V ,Ux]W0  CV (Ux). Using (b) we obtain
∣∣V /CV (Ux)∣∣ |V /U | ∣∣Ux/CUx(V )∣∣. 
The proof of this lemma is complete. 
Lemma 3.2. Let p be a prime, G a p-solvable group and V a p-subgroup of G. Suppose that V  O p(G) but
that V  O p(G0) whenever V  G0 < G and O p(G0) V O p(G). Then the following hold:
(a) G = V O p,p′(G).
(b) NG(V O p(G)) is the unique maximal subgroup of G that contains V .
(c) If V is abelian then V /V ∩ O p(G) is cyclic.
Proof. Let G = G/O p(G) and K = O p′ (G). Since G is p-solvable and O p(G) = 1 we have CG(K ) K .
Also V = 1 because V  O p(G). Let G1 = V O p,p′(G), so G1 = V K . Now O p(G1) = 1 because
[O p(G1), K ] = 1 and CG(K ) is a p′-group. In particular, V  O p(G1) and then G = G1 by hypoth-
esis. This proves (a).
To prove (b) ﬁrst note that NG(V O p(G)) = G because V  O p(G). Suppose V  H < G . Now G =
V O p,p′(G) so V O p(G) contains a Sylow p-subgroup of H and then O p(H) V O p(G). By hypothesis,
V  O p(H). As G = V K we see that V  H and so H  NG(V O p(G)), which proves (b).
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Then V  H and H = G because v /∈ O p(G). Then H  NG(V O p(G)), so V  H and then [V ,CK (v)]
V ∩ K = 1. If V is noncyclic then, by Coprime Action (b), K = 〈CK (v) | 1 = v ∈ V 〉 and then [V , K ] = 1,
a contradiction. Thus V is cyclic and (c) holds. 
Theorem 3.3. Let p be a prime, G a p-solvable group and V an elementary abelian p-subgroup of G. Suppose
that:
• G has characteristic p.
• O p(G) normalizes V but V  O p(G).
Then there exists A  O p(G) such that the following hold:
(a) A/CA(V ) is elementary abelian and acts nontrivially and nearly quadratically on V .
(b) |V /CV (A)| |A/CA(V )|2 , with strict inequality if p = 2.
(c) If A acts quadratically on V then |V /CV (A)| |A/CA(V )|.
Proof. Assume false and let G be a minimal counterexample. Set K = 〈V G〉 G . Then F (K )  F (G)
so F (K ) = O p(K ). The minimality of G forces K = G .
We claim the hypotheses of Lemma 3.2 are satisﬁed. Suppose V  G0 < G and O p(G0) V O p(G).
If G = O p(G)G0 then, since O p(G) normalizes V , we have G = 〈V G〉 = 〈V G0 〉 G0 < G , a contradic-
tion. Thus G = O p(G)G0. Set G1 = O p(G)G0. Then
O p(G) O p(G1) = O p(G)
(
O p(G1) ∩ G0
)
 O p(G)O p(G0) V O p(G).
In particular, G1 has characteristic p.
Suppose that V  O p(G1). By the minimality of G there exists A1  O p(G1) satisfying (a)–(c). Put
A = V A1 ∩ O p(G). Since V A1  V O p(G1)  V O p(G) we have V A = V A1. Now V is abelian so A
induces the same group on V as does A1. Thus A satisﬁes (a)–(c), contrary to G being a counterex-
ample. We deduce that V  O p(G1). Since G0  G1 we have V  O p(G1) ∩ G0  O p(G0) and the
claim is established.
Lemma 3.2 implies that NG(V O p(G)) is the unique maximal subgroup of G that contains V . Put
U = V ∩O p(G), choose x ∈ G−NG(V O p(G)) and put A = Ux . Lemma 3.1 implies (a), the ﬁrst assertion
of (b) and (c).
Suppose that p = 2 and |V /CV (A)| = |A/CA(V )|2. Lemma 3.1(b), (c) imply |V /U | = |A/CA(V )|.
Recall that V is elementary abelian, so |V /U | = 2 by Lemma 3.2(c). It follows that A induces an
involution on V and so A acts quadratically on V . Then (c) implies |V /CV (A)|  |A/CA(V )|. But
|A/CA(V )| = 1 so we have a contradiction. The proof of (b) is complete. 
Proof of Theorem A. Assume false. For each i set
Vi =
〈
Ω1
(
Z(S)
) ∣∣ S ∈ Sylp(Mi)〉 charMi .
Lemma 2.2 implies that Vi Ω1(Z(O p(Mi))), Vi is an elementary abelian normal p-subgroup of Mi
and O p(Mi/CMi (Vi)) = 1. Set
W1 =
〈
V Aut(M1)2
〉
charM1, W2 =
〈
V Aut(M2)1
〉
charM2
and
P = O p(M1)O p(M2).
Note that P is a p-group because O p(M1) and O p(M2) are normal subgroups of M1 ∩ M2.
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Proof. Note that V1  O p(M1)  M2 and that O p(M2)  M1. Then O p(M2) normalizes V1. If V1 
O p(M2) then Theorem 3.3 implies the conclusion of the theorem holds with i = 1 and V = V1. Hence
V1 O p(M2). Similarly V2 O p(M1). 
Step 2. Let i ∈ {1,2} and suppose A  P acts nontrivially and quadratically on V i . Then
∣∣A/CA(Vi)∣∣2 < ∣∣Vi/CVi (A)∣∣.
Proof. Assume false. Then as O p(Mi/CMi (Vi)) = 1 it follows that A is a nearly quadratic 2F -offender
for Mi on Vi . But this contradicts the fact that G is a counterexample. 
Step 3. J (P ) acts trivially on V1 and V2.
Proof. Note that V1  P so J (P ) does indeed act on V1. Suppose [V1, J (P )] = 1. Now V1 is el-
ementary abelian so Theorem 2.4 implies there exists A ∈ A(P ) such that A acts nontrivially and
quadratically on V1. Since A ∈ A(P ) we have
|A| ∣∣CA(V1)V1∣∣
so |A/CA(V1)| |V1/CV1 (A)|. This contradicts Step 2 and establishes Step 3. 
Step 4. W1 and W2 are elementary abelian.
Proof. Suppose x ∈ Aut(M1) and [V2, V x2] = 1. Since V2, V x2  O p(M1) we have [V2, V x2, V x2] [V x2, V x2] = 1, so V x2 acts nontrivially and quadratically on V2. Step 2 implies
∣∣V x2/CV x2 (V2)∣∣< ∣∣V2/CV2(V x2)∣∣.
But also [V x−12 , V2] = 1 so
∣∣V x−12 /CV x−12 (V2)
∣∣< ∣∣V2/CV2(V x−12 )∣∣.
Conjugating the second inequality by x contradicts the ﬁrst. Step 4 follows. 
Let Q be the inverse image of O p(M1/CM1 (W1)) in M1, so that Q  M1.
Step 5. P ∩ Q  O p(M1).
Proof. Choose S with P ∩ Q  S ∈ Sylp(Q ). Then Q = CM1 (W1)S and M1 = Q NM1 (S) =
CM1 (W1)NM1 (S). Since (M1,M2) is a primitive pair we have NM1 (V2) = M1 ∩ M2. Hence CM1 (W1)
CM1 (V2) M1 ∩ M2 so CM1 (W1) normalizes P , and hence P ∩ Q . Then
〈
(P ∩ Q )M1 〉= 〈(P ∩ Q )NM1 (S)〉 S
whence P ∩ Q  O p(M1). 
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J (P ) = J (O p(M1)) charM1. Similarly J (P ) charM2. But this contradicts the fact that (M1,M2) is a
primitive pair. Hence we may assume that J (P ) acts nontrivially on W1.
By Theorem 2.4 we may choose A ∈ A(P ) such that
A acts nontrivially and quadratically on W1.
Step 6. A  Q .
Proof. Suppose that A  Q . Step 5 implies A  O p(M1). Then using Lemma 2.3 we obtain A 
J (O p(M1)) J (P ), so Step 3 implies
[
V2, J
(
O p(M1)
)]= 1.
Since W1 = 〈V Aut(M1)2 〉 and J (O p(M1)) charM1 we have [W1, J (O p(M1))] = 1. But A  J (O p(M1)) so[W1, A] = 1, a contradiction. Thus A  Q . 
We are now in a position to derive a contradiction. Put
A0 = A ∩ Q .
By Step 5, A0 = A ∩ O p(M1) and CA(W1) O p(M1) so CA(W1) = CA0 (W1). Let q = q(V2, O p(M1)),
see after Theorem 2.4 for the deﬁnition of q(V2, O p(M1)). Step 2 implies
q > 2.
Step 3 implies [V2, A0] = 1 so as W1 = 〈V M12 〉, Lemma 2.5, with M1 Aut(M1) in the role of M , implies∣∣A0/CA0(W1)∣∣q  ∣∣W1/CW1(A0)∣∣. (∗)
As A ∈ A(P ) we have |A| |CA(W1)W1| so∣∣A/CA(W1)∣∣ ∣∣W1/CW1(A)∣∣. (∗∗)
Raising (∗∗) to the power q, dividing by (∗) and using CA(W1) = CA0 (W1) yields
|A/A0|q 
∣∣W1/CW1(A)∣∣q−1∣∣CW1(A0)/CW1(A)∣∣

∣∣W1/CW1(A)∣∣q−1
because A0  A. Then
|A/A0|1+1/(q−1) 
∣∣W1/CW1(A)∣∣.
Since q > 2 and A0 < A we obtain |A/A0|2 > |W1/CW1 (A)|. But CA(W1)  A0 so putting i = 1 and
V = W1 we obtain a contradiction. The proof of Theorem A is complete. 
We remark that by using standard results on quadratic Action, for example [6, 9.1.4, p. 229] it is
straightforward to add the conclusion “p  3” to Theorems A and 3.3.
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Proof of Theorem B. Assume false and consider a counterexample with |G| + dim V + |A| minimal,
where A  O p(G; R) is a nearly quadratic 2F -offender for G on V .
Step 1. RG is irreducible on V .
Proof. Assume not. Let U1, . . . ,Um be the RG-composition factors of V . Then |V /CV (A)| ∏ |Ui/CUi (A)|. For each i, RG is irreducible on Ui and so O p(RG/CRG(Ui)) = 1. The minimality of
dim V , Coprime Action (f) and Lemma 2.7 imply
∣∣A/CA(Ui)∣∣2  ∣∣Ui/CUi (A)∣∣
with equality only when A = CA(Ui). Using Lemma 2.1 for the last step, we have
∣∣A/A ∩ O p(G)∣∣2  ∣∣V /CV (A)∣∣

∏∣∣Ui/CUi (A)∣∣

∏∣∣A/CA(Ui)∣∣2

∣∣A/ ∩ CA(Ui)∣∣2 = ∣∣A/A ∩ O p(G)∣∣2.
Then we have equality, which forces A = CA(Ui) for all i. But then A  O p(G), a contradiction. 
Let
Q = O p′(G) and P =
〈
AR
〉
 O p(G; R).
Step 2. G = P Q , O p(G) = 1, CP (Q ) = 1 and [Q , R] = 1.
Proof. Step 1 implies O p(G) = 1. Since G is p-solvable we have CG(Q ) Q , so CP (Q ) = 1 because
P is a p-group. Recall that CG(R) normalizes O p(G; R).
Suppose that [Q , R] = 1. Then [P , Q ]  O p(G; R) ∩ Q = 1, contradicting CP (Q ) = 1. Thus
[Q , R] = 1.
Let H = P Q . Then O p(H)  CH (Q )  Q so O p(H) = 1. Consequently |V /CV (A)|  |A/A ∩
O p(H)|2. The minimality of G forces H = G . 
Step 3. Suppose 1< B < A and that T := [CQ (B), A] = 1. Then:
(a) [V , B, B] = 0, T acts faithfully on CV (B) and
∣∣CV (B)/CV (A)∣∣< |A/B|2.
(b) If B is a hyperplane of A then |CV (B)/CV (A)| = p  3; dim[CV (B), T ] = 2; T acts irreducibly on
[CV (B), T ]; and T A induces SL2(p) on [CV (B), T ].
Proof. Coprime Action implies
V = [V , T ] ⊕ CV (T ) and T = [T , A] = 1.
If A is trivial on [V , T ] then so is [T , A] = T , a contradiction. Thus A is nontrivial on [V , T ].
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Lemma 2.7(b) implies [CV (T ), A] = 0. Then [V , B, B] [V , A] [V , T ]. Now [B, T ] = 1 so [V , B, B] is
T -invariant. As A is nearly quadratic we have [V , B, B, A] = 0. Then T = [T , A] is trivial on [V , B, B].
Hence [V , B, B] [V , T ] ∩ CV (T ) = 0. The claim is established.
Since [B, T ] = 1, the P × Q -Lemma implies that T acts faithfully on CV (B). Now O p(G) = 1 so as
A is a counterexample we have
∣∣V /CV (A)∣∣ |A|2.
The minimality of A implies |V /CV (B)| > |B|2. These inequalities complete the proof of (a).
To prove (b) put H = T A and H = H/CH (CV (B)). Recall that T is faithful on CV (B). As T =
[T , A] = 1 it follows that A is nontrivial on CV (B), so CV (A) < CV (B). Then CH (CV (B)) = B, A ∼=
A/B ∼= Zp and T ∼= T = [T , A] = 1. The inequality in (a) forces |CV (A)/CV (B)| = p, so A induces a
transvection on CV (B). Apply Lemma 2.6. 
Step 4. Suppose H satisﬁes A  H < G . Let R0 = NR(H) and suppose that A  O p(H; R0). Then A 
O p(H).
Proof. Choose S ∈ Sylp(H) with A  S . Since G = P Q we have H = S(H ∩ Q ). If [A, H ∩ Q ] = 1 then
A  O p(H). Hence we may suppose that [A, H∩ Q ] = 1. The minimality of |G| implies A∩O p(H) = 1.
Let
B = A ∩ O p(H) and U = CV
(
O p(H)
)
.
Then 1 < B < A. The P × Q -Lemma implies that H ∩ Q is faithful on U . Hence CH (U ) is a p-group
and
CH (U ) = O p(H).
In particular, O p(H/CH (U )) = 1 and also B = CA(U ). The minimality of G , Coprime Action (f) and
Lemma 2.7(a) imply
∣∣U/CU (A)∣∣> |A/B|2.
On the other hand, [A, H ∩ Q ] = 1 and [B, H ∩ Q ] = 1 so [CQ (B), A] = 1. Step 3(a) yields |A/B|2 >
|CV (B)/CV (A)|. But B  O p(H) so CV (B) U and then |CV (B)/CV (A)| |U/CU (A)|. We have a con-
tradiction. 
Step 5. Suppose {S1, . . . , Sm} is an R-invariant collection of subgroups of Q such that Q = S1 × · · ·
× Sm . Suppose also that for each i, Si = 1 and A normalizes Si . Then m = 1.
Proof. Since P = 〈AR〉 it follows that P normalizes each Si . Step 4 implies that R is transitive on
{S1, . . . , Sm}. Without loss, [S1, A] = 1.
Let H = P S1, R1 = NR(S1) and for each i choose ri ∈ R with Sri1 = Si . Let s ∈ CS1 (R1) and deﬁne si
by si = sri . Let g ∈ R and 1  i  m. Then S gi = S j for some j. Hence ri gr−1j ∈ R1 so sri gr
−1
j = s
and then sgi = s j . We deduce that R permutes {s1, . . . , sm}. As Q = S1 × · · · × Sm it follows that
s1 · · · sm ∈ CQ (R)  NG(P ). Then [s1 · · · sm, P ]  Q ∩ P = 1 and it follows that P centralizes each si .
Thus CS1 (R1) NG(P ).
We have CH (R1) = CP (R1)CS1 (R1) NH (P ) and so P  O p(H; R1). But [S1, A] = 1 so A  O p(H).
Step 4 forces H = G and so m = 1. 
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V = V1 ⊕ · · · ⊕ Vn.
For each i set
Q i = CQ (V /Vi),
so 〈Q 1, . . . , Qn〉 = Q 1 × · · · × Qn .
Step 6.
(a) RP is transitive on Ω .
(b) P acts trivially on every proper RP-invariant subgroup of Q and Q = [Q , P ].
(c) Q is an elementary abelian or special q-group for some prime q.
(d) Assume that P acts trivially on Ω . If B ∈ AR and i ∈ {1, . . . ,n} satisfy [Q i, B] = 1 then n = 1, so
that Q is homogeneous on V .
Proof. (a) follows from the irreducibility of RG on V . Suppose T is a proper RP-invariant subgroup
of Q . Set H = P T = G . Step 4 implies A  O p(H). Then P = 〈AR〉  O p(H) and [P , T ]  O p(H) ∩
Q = 1. (b) and (c) now follow from Lemma 2.8. Assume the hypotheses of (d). Then (b) implies
that Q = 〈Q 1, . . . , Qn〉, so Q = Q 1 × · · · × Qn . By assumption P normalizes each Q i . Step 5 implies
n = 1. 
Step 7. Suppose A is noncyclic and acts quadratically on V . Then P acts trivially on Ω .
Proof. Assume false. Since P = 〈AR〉 it follows that A is nontrivial on Ω . Now [V , A]  CV (A) so
the A-orbits have length 1 or 2. Without loss, {V1, V2} is an A-orbit. Then p = 2. Set B = NA(V1) =
NA(V2), so |A/B| = 2 and B = 1. Now [V1, B] V1∩CV (A) = 0 and also [V2, B] = 0. Put U = V1⊕V2.
Then [U , B] = 0 and |CU (A)| = |V1|.
Since O p(G) = 1 we have |V /CV (A)| |A|2. Now B = 1 and B is quadratic on V so the minimality
of A implies |V /CV (B)| > |B|2. Then
|V1| =
∣∣U/CU (A)∣∣ ∣∣CV (B)/CV (A)∣∣< |A/B|2 = 4
so |V1| = 2 and hence [V1, Q ] = 0. But by irreducibility, CV (Q ) = 0, a contradiction. 
Step 8. A ∼= Zp .
Proof. Assume false. Then A is noncyclic and elementary abelian. By Coprime Action (b) there exists
a hyperplane B of A such that T := [CQ (B), A] = 1. Coprime Action (c) and Step 3 yield
V = [V , T ] ⊕ CV (T ) and [V , B, B] = 0. (∗)
Note that [V , T ] and CV (T ) are A-invariant because A normalizes T . Moreover T = [T , A]. If A acts
trivially on [V , T ] then so does T = [T , A] whence [V , T ] = [V , T , T ] = 0, contrary to T = 1. Thus A
is nontrivial on [V , T ].
Observe that CV (B) is T -invariant because [B, T ] = 1. We claim that
CV (B) ∩ [V , T ] =
[
CV (B), T
]
, dim
[
CV (B), T
]= 2
and T is irreducible on
[
C (B), T
]
.
}
. (∗∗)V
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Step 3.
Suppose that A is not quadratic on V . Since A is nontrivial on [V , T ], Lemma 2.7(b) and (∗) imply
[V , A] [V , T ]. Using (∗∗) we have
[V , B] CV (B) ∩ [V , T ] =
[
CV (B), T
]
and then dim[V , B]  2. Choose b ∈ B# and set B0 = 〈b〉. Since B0 is cyclic we have V /CV (B0) ∼=
[V , B0] so
∣∣V /CV (B0)∣∣= ∣∣[V , B0]∣∣ ∣∣[V , B]∣∣ p2 = |B0|2.
But O p(G) = 1 so B0 is a counterexample to the theorem. This contradicts the minimality of A. We
deduce that A is quadratic on V .
We have [V , A, A] = 0 so A is trivial on [V , B]. Now [B, T ] = 1 so [V , B] is T -invariant, whence
[T , A] = T is trivial on [V , B]. Then [V , B, T ] = 0. Also [B, T , V ] = 0 and the Three Subgroups Lemma
forces [T , V , B] = 0. Using (∗∗) we have
[V , T ] = CV (B) ∩ [V , T ] =
[
CV (B), T
]
whence T is irreducible on [V , T ] and dim[V , T ] = 2. Lemma 2.10(c) and Step 6(b) imply T  Q , so
[V , T ] is an irreducible Q -module. Hence there exists a homogeneous component V i with [V , T ] Vi .
Now T is nontrivial on Vi so as Vi is a homogeneous Q -module and T  Q we have Vi = [Vi, T ] =
[V , T ]. For j = i we have [V j, T ]  Vi ∩ V j = 0, so T  Q i . Then 1 = [T , A]  [Q i, A] so Steps 7
and 6(d) imply that Q is homogeneous on V . Then V = Vi = [V , T ] so dim V = 2 and G  GL2(p).
But then A is cyclic, a contradiction. 
The next aim is to prove that Q is homogeneous on V . For each B ∈ ARP let
Ω(B) = {U ∈ Ω ∣∣ [U , B] = 0}.
Step 9.
(a) Suppose |Ω(A)| > 1. Then |Ω(A)| 3, p  3, dim V1  2 and {2,3} ⊆ π(G).
(b) Let B ∈ ARP and suppose Ω(A) ∩ Ω(B) = ∅. Then Ω(A) = Ω(B).
Proof. Suppose that A acts nontrivially on Ω . Without loss, {V1, . . . , V p} is an A-orbit. Let W =
V1 ⊕ · · · ⊕ V p and U = V p+1 ⊕ · · · ⊕ Vn . Since |A| = p we have |CW (A)| = |V1| whence
|V1|p−1 
∣∣W /CW (A)∣∣∣∣U/CU (A)∣∣= ∣∣V /CV (A)∣∣ |A|2 = p2.
Since |V1| p this forces p  3. Note that CV (Q ) = 0 so Q is nontrivial on V1 and |V1| > 2. Suppose
that p = 2. Then |V1| = 4, Q is a 3-group and U = CU (A). Suppose that p = 3. Then |V1| = 3, Q is
a 2-group and U = CU (A). In both cases, (a) holds and A induces a p-cycle on Ω . Two p-cycles that
generate a p-group have equal or disjoint supports, hence (b) holds.
Suppose that A acts trivially on Ω and that |Ω(A)| > 1. Then P = 〈AR〉 is trivial on Ω . Now
∣∣V1/CV1(A)∣∣ · · · ∣∣Vn/CVn (A)∣∣= ∣∣V /CV (A)∣∣ |A|2 = p2
so without loss, Ω(A) = {V1, V2} and A induces a transvection on V1 and V2. Let T = [Q , A] Q .
Then 1 = T = [T , A]. Note that T is trivial on V3 ⊕ · · · ⊕ Vn .
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tion. Thus [V1, T ] = 0. Lemma 2.6 implies that dim[V1, T ] = 2, that T is irreducible on [V1, T ], that
p  3 and T A/CT A(V1) ∼= SL2(p). As T  Q and V1 is a homogeneous component for Q we obtain
V1 = [V1, T ]. Hence (a) holds.
In the present case P is trivial on Ω so we have
P Q  GL(V1) × · · · × GL(Vn).
By (a) and Step 6(a) we have dim Vi = 2 for all i. Consequently, P is abelian.
To prove (b), suppose for a contradiction that B ∈ ARP and Ω(B) = {V1, V3}. Since P is abelian and
T = [Q , A] it follows that B normalizes T . Since T is trivial on V3 ⊕ · · · ⊕ Vn and B is trivial on V2
we have [T , B] Q 1. Again, Step 6(d) implies [Q 1, B] = 1. Then
[T , B] = [T , B, B] [Q 1, B] = 1.
In particular, CV1 (B) is T -invariant. But V1 ∈ Ω(B) so 0< CV1 (B) < V1 and as T is irreducible on V1,
we have a contradiction. 
Step 10. Q is homogeneous on V .
Proof. Let
 = {Ω(B) ∣∣ B ∈ ARP}.
Now P = 〈AR〉 so Step 9(b) and the deﬁnition of Ω(B) imply that P normalizes each Ω(B). Since RP
is transitive on Ω it also follows from Step 9(b) that  is an R-invariant partition of Ω .
Let 1, . . . ,m be the distinct members of , let Ui = 〈i〉, so that
V = U1 ⊕ · · · ⊕ Um
and let Si = CQ (V /Ui). Then 〈S1, . . . , Sm〉 = S1 × · · · × Sm and each Si is P -invariant. Let B ∈ AR .
Choose i with Ω(B) = i . Then [Q , B] Si . Since P = 〈AR〉 and Q = [Q , P ] it follows that
Q = S1 × · · · × Sm.
Step 5 forces m = 1, whence
Ω = Ω(A).
Suppose that |Ω(A)| > 1. Then the conclusions of Step 9(a) hold. Since R acts coprimely on G we see
that R is a {2,3}′-group. As |Ω| 3 it follows that R acts trivially on Ω . Now p  3 and dim V i  2
whence R is trivial on each Vi , and hence on V . This contradiction implies |Ω(A)| = 1, so Q is
homogeneous on V . 
Since Q is homogeneous on V it follows that Z(Q ) is cyclic. Then Step 6 implies Q is cyclic of
order q or an extraspecial q-group. Note that since A ∼= Zp we have |[V , A]| = |V /CV (A)| |A|2 = p2.
Hence
dim[V , A] 2.
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dim V  4.
Let F be the subring of End(V ) generated by Q . Since Q is cyclic and homogeneous on V it
follows that F is a ﬁeld and that V is an F -vectorspace. Now RP acts as a group of automorphisms
of F . Let F0 be the ﬁxed ﬁeld. From Galois Theory,
∣∣RP/CRP(Q )∣∣= dimF0 F .
Of course, GF(p) ⊆ F0 whence
4 dim V  dimF0 V = dimF0 F · dimF V
and then
4
∣∣RP/CRP(Q )∣∣.
But R and P have coprime orders and both act nontrivially on Q . This is a contradiction.
The extraspecial case. Let
H = {〈A, Ax〉 ∣∣ x ∈ Q #}.
Then
[Q , A] 〈Q ∩ H | H ∈ H〉.
Lemma 2.10(b) implies that [Q , A] is nonabelian. Choose H1, H2 ∈ H with [Q ∩H1, Q ∩H2] = 1. Now
Q is extraspecial so Q ′ ∼= Zq and then [Q ∩H1, Q ∩H2] = Q ′ . Since Q is homogeneous on V we have
V = [V , Q ′]. Then V  [V , H1] + [V , H2]. Choose x, y ∈ Q such that H1 = 〈A, Ax〉 and H2 = 〈A, Ay〉.
Then V  [V , A] + [V , Ax] + [V , Ay], whence dim V  6.
Lemma 2.9 implies |Q | = q1+2t for some t and qt | dim V . Thus
(q, t) = (2,1), (2,2) or (3,1).
As in the cyclic case, |RP/CRP(Q )| is divisible by two primes, neither of which is q. Lemma 2.9 implies
RP/CRP(Q ) is isomorphic to a subgroup of Sp2t(q). But Sp2(2) ∼= SL2(2), Sp4(2) ∼= A6 · 2 and Sp2(3) ∼=
SL2(3) contain no such subgroup. This contradiction completes the proof of Theorem B. 
5. The corollaries
Proof of Corollary C. Apply Theorem A, Coprime Action (f) and Theorem B. 
Proof of Corollary D. For each i put R = Ri . Now O p(M1)O p(M2) is an RCMi (R)-invariant p-subgroup
of Mi so it is contained on O p(Mi; R). Apply Corollary C. 
Proof of Corollary E. Let
P = O p(G; R) ∩ M.
Since CG(R) M we have O p(M) P .
P. Flavell / Journal of Algebra 324 (2010) 841–859 859Suppose that NG(P )  M . Choose x ∈ NG(P ) − M . Then M = Mx . Moreover, since G is simple and
M is a maximal R-invariant subgroup of G we have NG(K ) = M whenever 1 = K charM . Thus (M,Mx)
is a weak primitive pair. Since x ∈ NG(P ) we have
O p(M)O p
(
Mx
)
 P = P x  M ∩ Mx
so (M,Mx) has characteristic p. Also P  O p(M; R) and P x  O p(Mx; Rx). Corollary C supplies a con-
tradiction. Hence NG(P ) M . In particular, NO p(G;R)(P ) = P  O p(G; R) whence O p(G; R) = P  M .
Let H be a subgroup that satisﬁes the same hypotheses as M . Then O p(H)  O p(G; R)  M and
similarly O p(M) H . Corollary D forces H = M . 
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